The present study deals with the collapse analysis of masonry arch bridges by means of Finite Element Method. Many experimental results on masonry arch bridges show importance of tensile resistance of joints as well as the profile and boundary condition of bridges. In order to analyze and calculate masonry structures, there are several models such as theorem by Castigliano, concrete-like constitutive model, joint element, Bott·Duffin inverse, etc. In this paper, Bott·Duffin inverse is briefly introduced and by means of these models the results obtained from collapse analysis of the masonry arch bridge over Tanaro river, Alessandria in Italy, are discussed.
Introduction
Stone and/or brick are usually used as construction materials in Europe from thousands years ago. There are a great number of masonry structures, and eminent examples especially in Italy. Unfortunately, the stability of many of these structures is now threatened by growing fractures and how to repair and maintain for these structures becomes a weighty problem. The repair and maintenance of historical masonry structures require understanding of their structural behaviour particularly up to collapse. A structural model of such masonry material is important for structural analysis by such as Finite Element Method (FEM).
FEM has become one of the most important and useful engineering tools for civil engineers. In order to analyze masonry structures, mathematical models are developed to describe their behaviours. While developing the mathematical models, some assumptions are made for simplification. Definitely masonry material can resist high 2 Bott·Duffin inverse
Basic equations
Bott·Duffin inverse enables us to present an automatic analytical method for a system of simultaneous linear equations with the subsidiary condition of unknows. In this Chapter, Bott·Duffin inverse is briefly introduced [14 -18] .
Let us consider the minimization problem of the total potential energy function with the subsidiary condition as
where d, incremental displacement vector of order n, K, stiffness matrix in the incremental interval of order n × n, f , incremental load vector of order n, A, subsidiary condition matrix of order m × n, T, symbol of transpose, n, number of degrees of freedom, m, number of subsidiary conditions (m < n), respectively. Lagrange multiplier method can be applied to the analysis of the above minimization problem of Equation (1) with the subsidiary condition of Equation (2) . Introducing Lagrange multipliers λ, this problem becomes the minimization problem of unknowns n + m without the subsidiary condition in which the independent variables are d and λ. The total potential energy function becomes
The stationary conditions of Equation (3) are given by
In the above derivation, the relation of K T = K is used. If we introduce the notation
Then Equation (4) takes the form
The minimization problem with the subsidiary condition given by Equations (1) and (2) has resulted in the system of equations given by Equations (7) and (5), in other words, simultaneous equations with unknowns d and r. Let us prove the orthogonality condition of d and r by using Equations (5) and (6) .
Bott·Duffin inverse
Let us consider the simultaneous equations given by Equations (7), (5) and (6) . The subsidiary condition of Equations (9) and (10) is given by Equation (8) .
If a is any vector in R n , P L and P L ⊥ are orthogonal projectors on L and L ⊥ , Equations (7) and (8) take the form
where I, unit matrix of order n×n. Substituting Equations (11) and (12) into Equation (7), we obtain
If the coefficient matrix of order n × n of Equation (14) is nonsingular, Equations (7) and (8) are consistent for all f and their solutions are unique. In this case, from Equation (14), we get
Substituting Equation (15) into Equations (11) and (12) , and using Equation (7), we obtain
The coefficient matrix of f in the right side of Equation (16) is called "the Bott·Duffin inverse of K" and denoted by K (−1) (L) , which is orthogonal projector on P L .
The solution of Equation (7) becomes
where
, is orthogonal projector on P L ⊥ , which is called "the Bott· Duffin in-
Let us consider the physical meaning of the vector r of order n. In the case of r = 0, displacement d is given by
This displacement, however, is not generally satisfied with Equation (5).
On the other hand, in the case of r = 0, the following equation is obtained by Equation (7) d
Substituting Equation (23) into Equation (2), we obtain
That is, r is virtual external load vector to be satisfied with the subsidiary condition (2). Their solutions of Equations (7), (5) and (6) are obtained uniquely because of the orthogonal condition (8).
Masonry arch bridge over Tanaro river, Alessandria in Italy
The bridge of 15 spans brickwork arches over Tanaro river, Alessandria in Italy, is a railway bridge between Turin and Genoa ( Figure 1 ). 
Analytical models
From the results of the dynamic tests of the masonry arch bridge over Tanaro river, three arch bridge girders behave in different modes even if they are tied by PC bars. Therefore, only one arch bridge girder is discussed here. The Young's modulus, Poisson's ratio and weight per unit volume using in the analysis are 50, 000kgf /cm 2 (4, 903.3N/mm 2 ), 0.15 and 1, 800kgf /m 3 (0.00001765N/mm 3 ), respectively. The thickness of the arch bridge girder and the pillars are 4m and 12m, respectively. The portion above the masonry arch ring is not taken into consideration.
As shown in Figures 3 to 5 , we have prepared three analytical models of the bridge. Model 1 is arch with fixed ends and centric or eccentric load is subjected to the arch ( Figure 3 ). Arch is supported on pillars and the lower parts of the pillars are fixed. Centric load is subjected to the arch (Model 2, Figure 4) . Central arch is supported on pillars and outer two arches are supported on both pillar and fixed end. Centric load is subjected to the central arch (Model 3, Figure 5 ). Length of the load is about 0.8 m in both these three cases. Figure 6 (a). The constitutive equations for this model can be derived in terms of the effective section height x. On the other hand, as an extension of theorem by Castigliano, Brencihi et al. proposed no-tensile resistant perfect elastic-plastic (NTR-PEP) model [4] as is shown in Figure 6 (b) . Beyond the maximum compressive strength f c , masonry material will crash in compression when strain ε = 2ε c , where ε c is the strain at the point σ = f c . Compressive strength of masonry material used in the analysis is 100kgf /cm 2 (9.807N/mm 2 ).
Concrete-like constitutive model
The FEM based on isoparametric degenerated shell elements is adopted for the numerical analysis [19, 20] . The shell element consists of eight layers, the yielding condition of which is given in Figure 7 . Figure 8 shows the stress-strain relationship of concrete characterizing the element. Strain hardening of the material after the ultimate strength is ignored, though a small amount of tension stiffening is assumed for the sake of the expediency to achieve numerical efficiency. Cracks are assumed to form in planes perpendicular to the direction of maximum principal tensile stress which reaches the specified tensile strength. The cracked masonry is anisotropic and smeared crack model is adopted. 
Elastic-plastic joint element
As mortar is of relatively low strength compared with brick, the Finite Element analysis (FEA) using the elastic-plastic joint element is much effective. We considered mortar to be elastic-plastic joint element and brick to be elastic element. The elasticplastic joint element of the mortar truss members in a two-dimensional situation is illustrated schematically in Figure 9 as a composite model [10] . By introducing a suitable number of members and assigning different material characteristics to each, a variety of sophisticated composite actions can be obtained. But the joint element, herein, consists of three members forming a truss structure. Figure 10 shows the yielding conditions. The broken line is determined by the experiment of plain concrete under combined stress. Similarly, the yielding condition of the elastic-plastic joint element is represented by the solid line. In due regard to the tensile strength of mortar, however, a strict one represented by a dot-dash-line is applied in FEA. The thickness of the mortar joint used in the analysis is assumed to be 1 mm.
Bott·Duffin inverse
In masonry structures, due to the material properties, only compressive stress is assumed to exist and to a certain extent they become contact problem. Therefore, the thickness of the mortar joint is not taken into consideration.
By means of the Bott·Duffin inverse presented in the previous chapter, the numerical analysis for masonry arch bridge begins with the subsidiary condition Ad = 0, that is contact state. The tensile force cannot be transmitted between voussoirs, however, the condition r < 0 needs in masonry structures. The contact state changes into the free state if r < 0 becomes r = 0, and then the corresponding nodes will move freely. On the other hand, the shift from the free state to the contact state occurs if the corresponding nodal displacements become the same, and then compressive force can transmit between them (r < 0). The main advantage of the present method is that it allows the procedure without rebuilding the stiffness matrix K even if the contact state changes. A small amount of the tensile strength due to friction is assumed in FEA.
Results and discussion
In this chapter, by means of NTR perfect elastic-plastic model, concrete-like constitutive model, elastic-plastic joint element, and Bott·Duffin inverse, the results obtained from collapse analysis of the masonry arch bridge over Tanaro river, Alessandria in Italy are discussed. Table 1 shows the collapse loads of the masonry arch bridges obtained from the above models. Collapse loads of Model 1, the arch subjected to centric load with fixed ends, are larger than those of Models 2 and 3. Collapse loads of Model 3 are approximately two to three times as much as those of Model 2. In so far as the boundary condition is concerned, Model 3 may be slightly over-idealized, while Model 2 is on the safe side from a structural point of view. From comparison of centric load with eccentric one in Model 1, the latter is more severe than the former in this profile. The relationships between load and vertical displacements are shown in Figures 11  to 14. Figures 15 to 22 show the deformation of the masonry arch bridge. Solid lines show the original shape. As for the collapse mechanism, there is difference between centric and eccentric loads in Model 1. In the case of centric load, when arch is gradually loaded beyond the tensile strength of masonry material, crack occurs, fracture develops, and at last, the collapse occurs at the center of arch in compression (Figures 15 and 16) . The portions at the fixed ends are still sound in this profile. On the other hand, in the case of eccentric load, as shown in Figures 17 and 18 , the collapse mechanism due to four hinges occurs in tension. Figures 19 to 22 show the rotation of pillars.
According to the collapse analysis of masonry arch bridges by means of NTR perfect elastic-plastic model, concrete-like constitutive model, elastic-plastic joint element, and Bott·Duffin inverse, there is difference between them. Collapse loads obtained from concrete-like constitutive model are larger than those of the other models. Beyond the tensile strength, masonry material will crack in tension. Smeared crack model is adopted in concrete-like constitutive model, however, the other models are based on discrete crack model. As is shown in Figures 15 to 22 , Bott·Duffin inverse is much effective to describe the local interaction between voussoirs. Comparison of those results suggests that the collapse mechanism can well by simulated by the FEA in terms of Bott·Duffin inverse. By introducing a suitable number of the interfaces, more accurate collapse load can be obtained.
Concluding remarks
According to the collapse analysis of masonry arch bridges, the FEA using the discrete crack model is more effective than that using the smeared crack model. Bott·Duffin inverse enables us to present an automatic analytical method for a system of simultaneous linear equations with the subsidiary condition of unknowns. The main advantage of the present method is that it allows the procedure without rebuilding the stiffness matrix K even if the contact state changes. Numerical examples show the validity of the Bott·Duffin inverse presented herein for masonry arch bridges as a contact problem.
